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I. INTRODUCTION 
Say that the “interpolation problem” is solvable for operators 
A, , A, ,a**, A, in a commutative algebra a with identity in case there 
exist B, , B, ,..., B, in G? such that 
B,A,+B,A,+*-+B,A,= 1; 
that is, in case (0, 0 ,..., 0) is not in the joint spectrum of the set 
{A, , A, >-a.3 A,} relative to OT. We denote the joint spectrum of 
{A, > A, >.-.> A,} by 4-4 , A, >...> 4). 
In [2] Coburn and Schechter conjectured the following: 
If GZ is a “Su$iciently large” algebra, the interpolation problem for 
operators A,, A, ,..., A, is solvable in 0Z if and only ;f there is an 
E > 0 such that 
(1-l) 
k II Ai*f II 3 E II f II 
for all f in the Hilbert space S. 
In this paper we show that this conjecture is not true in the case 
where GZ is the double cornmutant of a set of commuting operators 
nor in the case where GZ is a maximal Abelian algebra. Thus the 
conjecture is not generally true if “Sufficiently large” is defined as in 
[2]. We present a modification of this conjecture which is still open. 
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2. THE BASIC CONSTRUCTION 
Consider the following example. Let 2 = X1 @ ~‘8~ @ +**, where 
each co-ordinate space is X2 (the Hardy space) and 
where V is the unilateral shift, regarded as multiplication by x on S”. 
Obviously A, and A, commute. Let 0’ denote the “double 
commutant” of the set (A, , A,}. The following lemma characterizes 
the operators in GZ. 
LEMMA. B is in GZ if and only if B is of the form 
40 $1 4% --. 
0 $0 41 ... 
B= 
i ..I 
0 0 r$() *.. ) 
where each q$, j = 1, 2,... is an analytic Toeplitz operator. 
Proof. It is enough to prove that the commutant, V, of {A, , A,) 
is an Abelian algebra of operators, and that the elements in 5?? are of 
the form given above. It is clear that % is a weakly closed algebra of 
operators containing A, , A, , and 1. Let B = (B,) be an operator 
matrix with each Bii an operator on the coordinate space. Then B 
is in % if and only if 
A,B = BA, 
and 
A$ = BA, . 
Moreover, by a straightforward matrix computation one can easily 
show that 
A,B = BA, 
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if and only if 
VBij = BiiV for all i > 1, j 3 1. 
This holds if and only if each Bii is an analytic Toeplitz operator 
[l, Theorem 71. Furthermore, a simple computation yields 
A,B = BA, 
if and only if 
Bii = 0 for all i>j 
and 
Bi+li+j = % for all i > 1, j 3 1. 
Thus, if B is in V, and if we let B,, = q$-r , then B has the form 
B= 
where each dj is an analytic Toeplitz operator. It follows from the 
fact that the algebra of analytic Toeplitz operators is maximal 
Abelian, that %? is commutative. Thus it is clear that a, the cornmutant 
of V, is equal to P?. 
COROLLARY. GI is a maximal Abelian algebra of operators containing 
A, , A, , and 1. 
Proof. This follows immediately from the fact that GJ? is a maximal 
Abelian algebra. 
Next we determine the joint spectrum of the set {A, , AJ. Note 
that O! satisfies Coburn and Schechter’s condition of being 
“Sufficiently large” [2]. 
THEOREM. The joint spectrum of A, and A, relative to Q! is the 
Cartesian product of the closed unit disc with itself. 
Proof. Let 1 Z, / < 1 and 1 Z, 1 < 1. We must show that (Z, , Z,) 
is in the joint spectrum of A, and A, . Suppose not. Then there are 
operators B, and B2 in GE such that 
&(A, - Z,) + B,(A, - Z,) = 1. 
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If 2, = 0, then $,,( Y - 2,) = 1 would imply 2, # u(Y) (since #,, 
commutes V), which is impossible. This contradiction proves that 
(0, 2,) is in cr(A, , A,). 
If 2, # 0, then 
for all n >, 0. 
Let T, = (V - &)(d~, + -WI + -a* + -G”vL). 
Then we show that (11 T, - 1 [I> is bounded away from zero. If not, 
then there is a subsequence {T,i) such that 
jl Tnd - 1 /I -+O as n,+ co. 
Then {Tzi} converges uniformly to 1. But if f is in the null space of 
v* - Z,” (z,* is the complex conjugate of Z,), then Tzif = 0 for 
all ni . Thus there exists an 6 > 0 such that 
II T, - 1 II 2 E for all n. 
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Hence 
Thus B, can not be bounded. This contradiction proves that (2, , 2,) 
is in the joint spectrum. But the joint spectrum of any commuting 
set (A, , A,} of operators is a compact subset of the Cartesian product 
of the disc of radius 11 A, II and the disc of radius // A, I/. This proves 
the theorem. 
3. A COUNTEREXAMPLE TO THE CONJECTURE 
We have seen that (0,O) is in the joint spectrum of (A, , A,) relative 
to GZ and /ZZ is a S.L. algebra. We must show that the conditions (1.1) 
are satisfied. 
We now let 







‘I Alf I + il -‘JJ ” r I ,&2 ~,fj 11’ t 
l/2 
$ 1 F Vfj l,q2 
/ l-1 
= i & :Jfj ‘i2,/‘12 + ) 2 hfj li2jli2 
I I-2 
= ) z llfj lla/liZ + I/ f II 





II A,*f II + II 4z*f Ii = II f !I + 1 II v*fj il2 1’2 
! 
b llf II 
j=l 
for all f in X. 
Therefore (1 .l) is satisfied with E = 1. 
However, we observe that there does exist f in X such that 
A,f =0 and A,*f = 0. 
This suggests the following: 
Conjecture. If C!? is a S.L. algebra, the interpolation problem for 
operators A, and A, is solvable in G! if and only if there is an E > 0 
such that 
II 4f /I + II 4f II 3 E II f II 
I/ 4*f I! + II A,*f II b E /I f I/ 
II 4f II + II A,*f II 2 E I/ f ~1 
II 4*f II + II A2f II 3 E il f II 
for all f in the Hilbert space :F. 
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